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The mean geometr ic  frequency f ' l  of each EEG wave divides its frequency band B = f2 - f l  into 
subbands b and s. For  the fl wave the values of s, b, and B are elements  of a geometr ic  p ro -  
gress ion with denominator equal to the invariant F of the golden section. It is postulated that 
all EEG waves are  charac te r ized  by an S G sys tem of r ecu r ren t  equations, obtained by com-  
binatorial  general izat ion of a Fibonacci generating function. Theoretical  invariants of the SG 
sys tem coincide with experimental  b / s  rat ios  with a standard e r r o r  of 1%. The S G sys tem 
predicts  the existence of p and a EEG waves {55-118 and 118-225 ttz), which have not yet  been 
found experimentally.  
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In cer tain states of the brain,  cer tain waves of the EEG are dominant; this probably ref lects  the op- 
timization of brain s t ruc tures  when they per form a par t icular  activity. 

The object of this paper is to r epresen t  mathematical ly the charac te r i s t i cs  of the EEG connected with 
optimization of brain activity. 

E X P E R I M E N T A L  M E T H O D  

The p rocesses  lying at the basis  of EEG formation are stat is t ical  in charac ter .  To determine the 
principles governing them, it is necessa ry  to choose an informative parameter ;  to use a computer  for auto- 
matic process ing  and averaging of the data, mathematical  analysis of the resu l t s ,  and the putting forward of 
a theoret ical  hypothesis to account for all the resul ts ;  to test  the degree of congruence between theory and 
experiment.  

E X P E R I M E N T A L  R E S U L T S  

Spect rograms of the spect ra l  power of the EEG as functions of frequency, averaged in intervals of a 
few seconds (obtained by means of the computer),  were found to be informative. They contain definite ex-  
t rema,  the number, magnitude, and frequency distribution of which depend on the functional state of the brain  
[1-3]. By analogy between e lect r ical  waves in the brain and an electronic genera tor  of RC type and by quan- 
titative analysis of these spec t rograms  it has been found [4] that ex t rema can appear only at mean geomet -  
r ic frequencies of bands and subbands of EEG waves. Agreement  between the theoret ical  equation of the 
frequency distribution of the ex t rema and the experimental  data (with an e r r o r  of 4 %) suggested the useful-  
ness of a search  for the principles connected with ex t rema of the spectral  power. 

The most  interesting and important  principles axe those of the fl wave, dominant during mental work, 
the most  important  function of the ce rebra l  cortex.  The boundary frequencies of the fl wave in healthy adult 
persons [5, p. 53] are:  fl = 14 Hz, f2 = 35 Hz, h e n c e  B = 21 Hz;]~l = (-fl'f2) 1/2 = ~/14" 35 = 22.13 Hz, b = 
12.87 Hz, s = 8.13 Hz, and the ra t io  (21/12.87) ~ (12.87/8.13) differs only very  little f rom the Fibonacci in- 
variant  F = 1 .618 . . . ,  i.e., it obeys the law of the golden section: 

B b + s  b =F 
b = ~ s " ( 1 )  
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T A B L E  1. G e n e r a t i n g  F u n c t i o n s  and I n v a r i a n t s  

Set 8Gfunction~ generating Set ESc Gfunctionsof characteristic Inv aria;tSc; I)x (roots 

a a = a2-~ a I 82 - - e  --  1 = 0 Ii3 = F = 1,618... 

a,  = a 3 -}- a,_ e a _ a s  1 = 0 Io= ($00)112~ 1,465... 

a~ = a 4 -@ a I 84 - - e  a - -  1 = 0 la-- 002/3--~ 1,380.,. 

a 4 = a ~ + a z  e a - a - I  = 0  I o = S  ~- 1,324... 

a~ = a a -1- a I 84 __~s --  1 = 0 Iu, * = 001/2= 1,272... 

aa = a 2 - ~  a l  84 - - a  - -  1 = 0 I A = ((P/S)'=-'- 1 , 2 2 1 . . .  

T A B L E  2. C o m p a r i s o n  of  E x p e r i m e n t a l  D a t a  and T h e o r e t i c a l  
I n v a r i a n t s  

Experimental data and 
theoretical invariants 

fl -- [2 (in Hz)[5] 
/1= (h 4~) 1/2 (in Hz). 

B (in Hz) 
a (in Hz)  
s (in Hz) 
I k theoretical invariants 

RbC = b/s experimental data 
bs 07o difference between IX and R~ 

I~ =1 +1/I X theoretical 
;B~ variants 

=B/b experimental data 
c~o' difference between I~  and RB1 b 

4--7 
5,29 
3 

1,71 
1 , 2 9  
1,324 
1,325 
0,075 

1,755 
1,754 

--0,06 

EEG waves 

8--13 14--35 
10,2 22,13 
5 2! 

2,8 12,87 
2,2 8,13 
1,272 1,618 
1,273 1,583 
0,08 --2,21 

1,786 1,618 
1,786 1,632 
0,00 0,87 

35--55 
43,87 

20 
11,13 
8,87 
1,272 
1,255 

--I,34 

1.786 
1,797 
0,8 

T h e  /3 w a v e  is  t hus  the  o p t i m a l  c h a r a c t e r i s t i c  r a t i o  R b s  = b / s ,  e q u a l  to the  i n v a r i a n t  F .  

L e t  us  a s s u m e  tha t  a l l  E E G  w a v e s  a c c o m p a n y i n g  i n t e l l e c u t a l  a c t i v i t y  a r e  d e s c r i b e d  by an i n t e g r a l  s y s -  

t e m  S G of e q u a t i o n s  (wi th  i n v a r i a n t  I~) ,  e a c h  of  w h i c h  is  o b t a i n e d  by m e a n s  of  a s i n g l e  c o m b i n a t o r i a l  a l -  
g o r i t h m ,  and one  of  w h i c h  i s  a F i b o n a c c i  g e n e r a t i n g  f u n c t i o n  c h a r a c t e r i z i n g  the  g o l d e n  s e c t i o n .  T h e  F i b o -  

n a c c i  n u m b e r s  F n a r e  a g e o m e t r i c  p r o g r e s s i o n  w i t h  the  d e n o m i n a t o r :  

lira Fn+i 
n ~  en = 00 (2) 

and  the  g e n e r a t i n g  r e c u r r e n t  f u n c t i o n :  

Fn "[- Fn+~ = F a + 2  (3) 

w i t h  i n d i c e s  of  n e i g h b o r i n g  n u m b e r s  o f  the  n a t u r a l  s e r i e s .  F r o m  E q .  (3) we  f ind  the  g e n e r a l i z a t i o n  of  the  
g e n e r a t i n g  f u n c t i o n  o f  the  g o l d e n  s e c t i o n  in the  f o r m  of the  s e t  S G of  r e c u r r e n t  e q u a t i o n s ,  f o r m e d  in a c c o r d -  

a n c e  wi th  t he  r u l e ,  " T h e  s u m  of  c o n s e c u t i v e  e l e m e n t s  ai  and aj of  the  a r i t h m e t i c a l  p r o g r e s s i o n  is  e q u a l  to 
t he  n e x t  e l e m e n t  ak:  

a, + aj = a , ,  (4 )  

w h e r e  the  i n d i c e s ,  i, j ,  and  k a r e  no t  n e c e s s a r i l y  the  n e i g h b o r i n g  n u m b e r s  of  the  n a t u r a l  s e r i e s ,  i < j < k . "  
If an a r e  i r r a t i o n a l  n u m b e r s ,  t hen  
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an+t = Ix = Const" . (5) 
an 

Since the invariant S is found in many living organisms [6-8] and since the principle of duality is manifested 
everywhere in nature [9], the set S G must  contain an even number of elements.  The sys tem S G contains the 
minimal even number of equations for the combinatorial  data: i =1 :  j = 2, 3, 4: k=3,  4, 5 (Table 1). 

The degree of congruence of the theoret ical  and experimental  data is shown in Table 2. 

The invariants I~ are elements of the integral sys tem S G obtained with the aid of a single algori thm 
and connected with one another 

ln/CX n+D = ln/~x n) --}-(0.040- 0.042). (6) 

It is c lear  f rom Table 2 that for 0, ~, fl, Y waves the theoretical  invariants I~, I o and the values of the ex- 
A 

perimentally obtained rat ios  b / s  and B/b coincide with the standard e r r o r  - 1 % .  This agreement  lay at the 
basis  of the wr i t e r s '  hypothesis of the existence of p and ~ waves, not yet d iscovered experimentally.  The 
S G sys tem contains invariants Ip and I~, and it thus predicts the existence of p and ~ waves (55-118 and 118- 
225 Hz). 
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